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1. Answer (C):

2. Answer (B): The first two tasks together took 100 minutes—from 1:00 to
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8. Answer (D):
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9. Answer (C):

Let z be the probability that Larry wins the game. Then

2:40. Therefore each task took 50 minutes. Marie began the third task at 2:40
and finished 50 minutes later, at 3:30 PM.

. Answer (A): Let z be the integer Isaac wrote two times, and let y be the
integer Isaac wrote three times. Then 2z + 3y = 100. If x = 28, then 3y =
100 — 2 - 28 = 44, and y cannot be an integer. Therefore ¥y = 28 and 2z =
100 —3-28=16,s0z = 8.

. Answer (B): Marta finished 6th, so Jack finished 5th. Therefore Todd finished
3rd and Rand finished 2nd. Because Hikmet was 6 places behind Rand, it was
Hikmet who finished 8th. (David finished 10th.)

. Answer (B): If the Sharks win the b@g N games, then they win it& 3T 2 -100%

of the games. Therefore WH& > % = wo, s0 20+ 20N > 57 4+ 19N . Therefore
N > 37.

OR

If the Tigers win no more games, then their 2 wins should be no more than 5%,
or %, of the games played. So the minimum number of games played must be
at least 40, and N > 37.

. Answer (A): There are 13- 13 = 169 entries in the body of the table. An
entry is odd if and only if both its row factor and its column factor are odd.
There are 6 odd whole numbers between 0 and 12, so there are 6 - 6 = 36 odd
entries in the body of the table. The required fraction is me =0.213... 2 0.21.

. Answer (D): The lines of symmetry are the 15 lines joining a vertex to the
midpoint of the opposite side, so L = 15. There is rotational symmetry around
the center of the 15-gon, and the smallest positive angle of rotation that will
transform the 15-gon onto itself is <% wmo = 24 degrees; therefore R = 24. The sum
is 15424 = 39.

10.

11.

Tz = w + w - w - z. To see this, note that Larry can win by knocking the bottle
off the ledge on his first throw; if he and Julius both miss, then it is as if they

—1,1 3,1 =2
started the game all over. Thus z = 5 + 37,80 3z =5 orz = 3.

OR

For Larry to win on his nth throw, there must be 2n — 2 misses—n — 1 by Larry
and n — 1 by Julius—followed by a hit by Larry. Because the probability of
each of these independent events is wu the probability that Larry wins on his
nth throw is vamle Therefore the probability that Larry wins the game is
given by a geometric series:

S

n=1

N

N = D)=
—

Answer (C): Let the side lengths be a < b < ¢. By the Triangle Inequality
a+b > ¢; it follows that perimeter P = a+ b+ ¢ > 2¢. Then 2¢ < P < 15,
2¢ < 14, and ¢ < 7. The only triangles (denoted by three-digit numbers with
decreasing digits) that are not equilateral or isosceles are 653, 652, 643, 543,
542, and 432. Of these, only 543 is a right triangle, so the answer is 5.

Answer (E): Label the vertices of the triangle A = (0,0), B = (5,0), and
= (0,12). By the Pythagorean Theorem BC = 13. Two altitudes are 3
pba 12. Let AD be the third altitude. The area of this triangle is 30, so
-AD - BC = 30. H:wwmmo_d AD = m wo = %. The sum of the lengths of the
m_e;saam is 5412 + e MWH



2015 AMC12B Solutions 4
¥
121C
) B -
A 5 -
12. Answer (D): If (z—a)(z—b)+(z—b)(x—c) = 0, then (z—b)(2x—(a+c)) =0, so

13.

14.

15.

the two roots are b and pwo. The maximum value of their sum is 9+ % = 16.5.

Answer (B): Because ZBAC and ZBDC intercept the same arc, ZBDC =
70°. Then ZADC = 110° and LABC = 180° — ZADC = 70°. Thus AABC is
isosceles, and therefore AC = BC = 6.

Answer (D): Let z equal the area of the circle, y the area of the triangle,
and z the area of the overlapped sector. The answer is (z—2)—(y—2) =z —y.
The area of the circle is 47 and the area of the triangle is % -4% = 44/3, so the
result is 4(m — v/3).

Answer (D): Rachelle needs a total of at least 14 points to get a 3.5 or higher
GPA, so she needs a total of at least 6 points in English and History. The

probability of a C in English is 1 — .Mw. — m = Wv and the probability of a C in
History is 1 — m — w e W The probability that Rachelle earns exactly 6, 7, or

8 total points is computed as follows:

opoints: & §+1 3+ =

7 points: -3 +1.1=1F

8 points: w - m = %

The probability that Rachelle will get at least a 3.5 GPA is
43 17 6 66 11
W mt T T w
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16.

17.

18.

19.

Answer (C): The distance from a vertex of the hexagon to its center is 6.
The height of the pyramid can be calculated by the Pythagorean Theorem using
the right triangle with other leg 6 and hypotenuse 8; it is v/82 — 62 = 24/7. The
volume is then

wm:uw.m %.,\% - 2V/T = 36v/21.

Answer (D): The probability of exactly two heads is va Amvm Amvzlw. and
this must equal the probability of three heads, (3) @vw Amv:hm.. This results in
the equation
n(n —1)
2

Therefore n = 11.

n—2
24

3 o B
4 8

Answer (D): To be composite, a number must have at least two prime factors,
and the smallest prime number is 2. Therefore the smallest element in the range
of r is 2+ 2 = 4. To see that all integers greater than 3 are in the range, note
that r(2") =2n for alln > 2, and 7(2" -3) =2n+ 3 for all n > 1.

Answer (C): Let O be the center of the circle on which X, Y, Z, and W
lie. Then O lies on the perpendicular bisectors of segments XY and ZW, and
OX = OW. Note that segments XY and AB have the same perpendicular
bisector and segments ZW and AC have the same perpendicular bisector, from
which it follows that O lies on the perpendicular bisectors of segments AB and
AC: that is, O is the circumcenter of AABC. Because ZC = 90°, O is the
midpoint of hypotenuse AB. Let a = $BC and b = ;CA. Then a? 4 5% = 6
and 122 + 62 = OX? = OW? = b + (a + 2b)2. Solving these two equations
simultaneously gives a = b = 3v/2. Thus the perimeter of AABC is 124+2a+2b =
12 +12V/2.
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20. Answer (B): Computing from the definition leads to the following values
of f(i,7) for ¢ = 0,1,2,3,4,5,6 (the horizontal coordinate in the table) and
7=0,1,2,3,4 (the vertical coordinate).

40 1 1 0 3 1 1
3/4 0 4 1 1 1 1
203 4 2 4 3 1 1
12 30 3 11 1
0|1 2 3 0 3 1 1
[0 1 2 3 4 5 6

If follows that f(¢,2) =1 for all : > 5.

21. Answer (D): Assume that there are ¢ steps in this staircase and it took Dash
d+1 jumps. Then the possible values of ¢ are 5d+1,5d+2,5d+ 3, 5d+4,5d+5.
On the other hand, it took Cozy d + 20 jumps, and ¢ = 2d + 39 or t = 2d + 40.
There are 10 possible combinations but only 3 of them lead to integer values of
d:t=5d+3=2d+3% ort=5d+1=2d+40, ort =5d+4 = 2d +40. The
possible values of t are 63, 66, and 64, and s = 63+ 66 4 64 = 193. The answer
is1+9+3=13.
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22.

23.

24.

Answer (D): To make the analysis easier, suppose first that everyone gets up
and moves to the chair directly across the table. The reseating rule now is that
each person must sit in the same chair or in an adjacent chair. There must be
either 0, 2, 4, or 6 people who choose the same chair; otherwise there would be
an odd-sized gap, which would not permit all the people in that gap to sit in an
adjacent chair. If no people choose the same chair, then either everyone moves
left, which can be done in 1 way, or everyone moves right, which can be done in
1 way, or people swap with a neighbor, which can be done in 2 ways, for a total
of 4 possibilities. If two people choose the same chair, then they must be either
directly opposite each other or next to each other; there are 3+ 6 = 9 such
pairs. The remaining four people must swap in pairs, and that can be done in
just 1 way in each case. If four people choose the same chair, there are 6 ways
to choose those people and the other two people swap. Finally, there is 1 way
for everyone to choose the same chair. Therefore there are 4 +9+6+4+1 =20
ways in which the reseating can be done.

Answer (B): Because the volume and surface area are numerically equal,
abc = 2(ab+ac+bc). Rewriting the equation as ab(c—6)+ac(b—6)+bc(a—6) =
shows that a < 6. The original equation can also be written as (a —2)be — 2ab —
2ac = 0. Note that if a = 2, this becomes b+ ¢ = 0, and there are no solutions.
Otherwise, multiplying both sides by a — 2 and adding 4a? to both sides gives
[(@ —2)b — 2a][(a — 2)c — 2a] = 4a?. Consider the possible values of a.

a=1: (b+2)(c+2)=4

There are no solutions in positive integers.

a=3:(b—6)(c—6)=236

The 5 solutions for (b,c) are (7,42), (8,24), (9,18), (10, 15), and (12, 12).
a=4: (b—4)(c—4) =16

The 3 solutions for (b, ¢) are (5,20), (6,12), and (8, 8).

a=>5: (36 —10)(3¢c — 10) = 100

Each factor must be congruent to 2 modulo 3, so the possible pairs of factors
are (2,50) and (5,20). The solutions for (b, c) are (4,20) and (5, 10), but only
(5,10) has a < &.

a=6:(b—3)(c—-3)=9

The solutions for (b,c) are (4,12) and (6, 6), but only (6,6) has a < b.

Thus in all there are 10 ordered triples (a,b,c): (3,7,42), (3,8,24), (3,9,18),
(3,10,15), (3,12,12), (4,5,20), (4,6,12), (4,8,8), (5,5,10), and (6, 6,6).

Answer (D): Points A, B, C, D, and R all lie on the perpendicular bisector
of PQ. Assume R lies between 4 and B. Let y = AR and z = AP Then
BR = 39 — y and BP = 8z, so y? + 242 = 25z and (39 — y)® + m%m = 64z2.
Subtracting the two equations gives z2 = 39— 2y, from which %+ 50y —399 = 0,
and the only positive solution is y = 7. Thus AR =7, and BR = 32.

2015 AMCI12B Solutions 8

25.

Note that circles A and B are determined by the assumption that R lies between
A and B. Thus because the four circles are noncongruent, R does not lie between
Q@b&b Let w = CR and z = Qh Then DR = 39+ w and DP = 8z, so
w? + m% = 2522 and (39 + w)? + wpm = 6422. Subtracting the two equations
gives 22 = 39 4 2w, from which w? — 50w — 399 = 0, and the only positive
solution is w = 57. Thus CR = 57 and DR = 96. Again, the uniqueness of the
solution implies that R must indeed lie between A and B.

The requested sum is 7 + 32 4+ 57 + 96 = 192.

Answer (B): Modeling the bee’s path with complex numbers, set Py = 0 and
z = e™/8_ Tt follows that for j > 1,

Thus
2015 2014 2014 k
P = Y k1= Y (k2= 33 ok
k=0 k=0 E=0 j=0

Interchanging the order of summation and summing the geometric series gives

20142014 2014  2014—j
Pos=Y 3 A=3 3 #
=0 k=j §=0 k=0
2014 i 2014 ; 2014
_ MU Nmﬁuwoa i—1) _ MU 2015 _ 5 _ 1 MUANNSm B md
— z—1 ; z—1 z—14
7=0 =0 J=0
2014
1 ) 1 22015 _ 1
_ 201522015 _ il — 20152205 _ 2~ -
z—1 N MU B z—=1 1oz z—1
=0
1
e (20152208 (2 — 1) — 2215 1. 1)
1

=GP (20152°0%6 — 201622°% + 1) .

Note that z'? = 1 and thus 22916 = (212)168 = 1 and 2205 = 1. It follows that

2016 1 2016
Pos=——(1-=)=—_.
—_ AT%A v 2(z—1)
Finally,
2
2 _ ™ /N2 [V il _ (V3-1)?
o= 1" =Jeos () ~ 14+isin ()| = |5 -1+ 5| =2-vE="20,
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and thus

mo; mcSwS?\m
u n nsow,\m,\wi
%-L =1 V3i-1 L)

= 10086 + 1008+/2.

The requested sum is 1008 + 6 + 1008 4- 2 = 2024.
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